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We show a memory model of an imperative concurrent quantum programming language
LanQ. The memory model is used to specify the shape of semantical structure upon
which the language operational semantics is defined. We also outline the language abil-
ities in the area of formal verification on an example implementation of teleportation
protocol.

Keywords: LanQ; quantum programming language; quantum process algebra; semantics.

1. Introduction

LanQ is the first imperative quantum programming language capable of handling
concurrency — new process creation and interprocess communication.5 The lan-
guage combines the best of the worlds of quantum process algebras (see e.g. Refs. 3
and 4) and imperative quantum programming languages (see e.g. Ref. 6). LanQ
has well-defined operational semantics and its type soundness has been proved.
Any quantum resource is proved to be owned by at most one process; a channel can
be shared by at most two processes — a sender and a receiver. These features make
the language usable for formal reasoning about quantum algorithms and protocols.
To reason about programs, we must formally define their behavior by defining lan-
guage semantics. The present paper shows the essential parts of LanQ semantics
and their possible further usage for formal verification.

This paper is organized as follows. In Sec. 2, we describe memory model of LanQ
language. The semantics is outlined in Sec. 3 and followed by a sketch of the proof
of implementation correctness in Sec. 4.

2. Memory Model

In this section, we introduce memory model of the LanQ programming language.
The memory model is crucial for the later definition of language semantics as it
determines the shape of the semantical structure.
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As we work both with duplicable data-classical- and nonduplicable data-
resources-, we have two types of memory: local and system. All processes manage
their own memory — a local process memory where duplicable values are stored.
System manages the system memory used for storing nonduplicable resources. Pro-
cesses cannot access the system memory directly, they work with resources by means
of references to the system memory. Note that this strict separation of system mem-
ory and local process memories can be found in all formalisms which deal with both
classical and quantum data and build their semantical structure on top of classical
data.3,4 This approach is suitable whenever it is assumed that the program uses
mostly classical operations. Dual approach which builds the semantical structure
on top of quantum data is also possible.7

The memory model consists of four layers as depicted in Fig. 1. From the bottom,
the first layer is a system memory layer where the quantum systems and channels
are physically stored in separate containers. The next one is a value layer which
stores classical values and references to the system memory. One layer up is a
structured reference layer which stores references to the value layer. The structured
reference layer is particularly used for handling compound quantum systems. To
topmost layer is the variable layer which contains variable names. The connection
between neighboring layers is done via partial functions described later in Sec. 3.

The memory model depicted in Fig. 1 shows the situation where several pro-
cesses are running concurrently. Individual process memories are shown in the mid-
dle level boxes. Variable names are shown in circles in the top level; duplicable
variables are shown in white circle, nonduplicable in black. The variables v (inte-
ger), ρ and ψ (quantum systems), and c (channel) belonging to one process refer to
structured references stored in a process local memory. The structured references
are shown as dashed-circle containers. They refer to values — a value 3 in the case
of the variable v container, a reference to a quantum system with index 1 in the
case of the variables ρ and ψ container, and a reference to a channel in the case of
the variable c container.

Fig. 1. Memory model of LanQ.
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3. Semantics

In this section, we describe the structure used for definition of the operational
semantics and outline the transition relation.

Configuration. The semantics is defined operationally as a transition relation on
configurations and mixed configurations. The structure of configurations is given
by the structure of the memory model.

A configuration is a tuple [gs | ls1 ‖ · · · ‖ lsn] where:

• gs is a global part of the configuration where the resources are stored, i.e. it
represents the state of the system layer from the memory model. The global part
is a tuple gs = ((ρ, L), C) where:

(a) (ρ, L) stores the state of quantum systems where ρ is a density matrix of
current quantum state. To enable LanQ to handle quantum states of arbitrary
dimensions, L stores a list of quantum system dimensions, and

(b) C is a list of allocated communication channels.

• lsi-s represent local states of individual processes. Each local process state lsi is
a tuple (lmsi, vpi, tsi) where:

(a) lmsi represents the state of the process memory, i.e. the mapping from the
structured reference layer to the value layer,

(b) vpi stores variable properties and is used to handle variable scope. It repre-
sents the mapping from the variable layer to the structured reference layer,
and

(c) tsi represents a stack of terms to be evaluated.

A mixed configuration is a probabilistic distribution over configurations Ci writ-
ten as:

�q
i=1pi • Ci where

q∑
i=1

pi = 1,

and q is the number of probabilistic branches, each running with probability pi.
A terminal configuration is a configuration C = [gs | ls1 ‖ · · · ‖ lsn] where

lsi = (lmsi, vpi, tsi) such that for all i, the term stack tsi is either empty or contains
only one term which denotes either a runtime error or a value.

Transition relation. The transition relation −→ is used to transform a configura-
tion to a mixed configuration and vice versa. In one step, only one of the processes
stored in the configuration gets evolved. The choice of the evolving process is nonde-
terministic. Due to the probabilistic nature of measurements, the transition relation
must also deal with probabilistic transitions. From Ref. 2 we know that whenever
a probabilistic and a nondeterministic choice are to be resolved simultaneously,
we must define which choice is resolved first. However, we have taken the same
approach as in Ref. 3; the choice of transition type is resolved deterministically and
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can never happen simultaneously: a configuration that is not mixed is evolved by
the transition −→ to a mixed configuration. For a mixed configuration, the next
transition is probabilistic because no other transition is defined for it.

A feature of LanQ semantics which simplifies the implementation and might be
useful for the future development of other types of semantics is that the choice of
the evaluated process is the only source of nondeterminism what significantly sim-
plifies the implementation of the language. The evaluation of individual processes is
probabilistic and deterministic. This is in contrast with the existing quantum pro-
cess algebras3,4 where nondeterminism also arises from possible concurrent usage
of a resource by two or more processes.a

The program execution proceeds as follows:

(1) The execution starts from the configuration start:

start = [(((1), []) , []) | (lms0, vp0, ( main() ))]

where lms0 stands for an empty local memory state what corresponds to
empty memory and vp0 for empty variable properties what corresponds to
the state where no variables are known to the running program. The term
main() expresses an invocation of the main method which must be defined in
the program and from which the program execution starts.

(2) Let C = [gs | ls1 ‖ · · · ‖ lsn] where lsi = (lmsi, vpi, tsi) is a local process state.
If C is a terminal configuration, finish. Otherwise nondeterministically choose
a number p between 1 and n. Perform the next transition according to the top
element of the term stack tsp. Note that this transition always transforms the
configuration C to a mixed configuration.

(3) Let M = �q
i=1pi •Ci be a mixed configuration. Choose probabilistically one of

the configurations Ci and perform a probabilistic transition to this configura-
tion. Continue with the step 2.

Because of the space constraints, we omit the full definition of transition rules
and kindly refer the reader to Ref. 5 instead.

4. Verification of Implementation Correctness

In this section, we show a sketch of the proof of correctness of implementation of the
well-known teleportation protocol by Bennett et al.1 This program demonstrates
all features of LanQ: both quantum and classical data manipulation as well as
multiprocess capabilities.

The program, as shown in Fig. 2, consists of three methods — main() which
is the starting method of the program, and methods angela() and bert() which

aNote that we can take advantage of nondeterministic behaviour: It can be used e.g. to simply
catch server environment serving requests from multiple clients where nondeterminism is used to
resolve which request came from which client. It can be also used to model possible eavesdropping
of communication.
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void main() {
qbit ψA,ψB ;
channel[int] c withends [c0,c1];
ψEPR aliasfor [ψA, ψB];
ψEPR = createEPR();
c = new channel[int]();
fork bert(c1, ψA);
angela(c0, ψB);

}

void angela(channelEnd[int] c0, qbit auxTeleportState) {
int r;
qbit φ;

(∗) −→ φ = computeSomething();
r = measure (BellBasis, φ, auxTeleportState);
send (c0, r);

}

qbit bert(channelEnd[int] c1, qbit ξ) {
int i;
i = recv (c1);
if (i == 1) {

σz(ξ);
} else if (i == 2) {

σx(ξ);
} else if (i == 3) {

σx(ξ); σz(ξ);
}

(∗∗) −→
doSomethingElse(ξ);

}

Fig. 2. Teleportation protocol implementation in LanQ.

represent a sender and a receiver of the teleported state, respectively. The detailed
description of the program can be found in Ref. 5.

As the semantics is well-defined, we can now formally verify that the example
program is implemented according to the specification and really teleports the state
from Angela to Bert as expected.

The place in the program marked with (∗) is the place just before a joint mea-
surement of the teleported particle and one particle from the EPR pair is performed.
This is the last place where we can see the original teleported particle state. When
we execute the program to this point, we get the following configuration C(∗):

C(∗) =
(((

ρEPR ⊗
(
m00 m01

m10 m11

)
, [2, 2, 2]

)
, [c]

)
(lmsa, vpa, tsa) ‖ (lmsb, vpb, tsb)

)

where ρEPR is a density matrix of EPR state (1/
√

2)(|00〉 + |11〉) and ρφ = (mij)
is a density matrix of the state φ.
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Right after the measurement, we get a mixed configuration of four configurations
which correspond to four different probabilistic branches given by the measurement
result. After further evolution of the probabilistic branches, in each of them we get
up to the place marked by (∗∗) where the configuration C(∗∗),p is the following:

C(∗∗),p =
((((

m00 m01

m10 m11

)
⊗ ρp, [2, 2, 2]

)
, [c]

)
(lmspa, vp

p
a, ts

p
a) ‖ (lmspb , vp

p
b , ts

p
b)

)

where p is the index of the probabilistic branch, ρξ = (mij) is the density matrix
of the state ξ, and ρp is the density matrix representing the two other qubits state.

In all cases we obtain that the state ρψ of the teleported qubit φ before the
actual teleportation is the same as the state ρξ of the qubit ξ after finishing the
teleportation protocol. This result is indeed obtained according to the semantics,
hence we have formally proved that the implementation of the teleportation protocol
is correct.

5. Conclusion

We have shown the memory model of LanQ programming language and sketched
the language semantics. Using this semantics, we have shown the idea of the proof of
formal verification of implementation correctness. The semantics in full detail, the-
orems about LanQ, other examples, and the implementation of the LanQ simulator,
which is the first implementation of an imperative quantum programming language
with a sound theoretical basis, can be found at the webpage http://lanq.sf.net/.
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